PMM U.S.S.R.,Vol,.46,pp.225-230 0021-8928/83/2 0225 $7.50/0
Copyright Pergamon Press Ltd.1983.Printed in U.K.
UDC 539.3:534.1

OSCILLATIONS OF AN ELASTIC INHOMOGENEOUS STRIP CAUSED BY MOVING LOADS

A.V. BELOKON'

There is studied the problem of the motion of a load on the boundary of an inhomo-
geneous elastic strip. It is assumed that the load moves at a constant sub-seismic
velocity, and a regime of steady harmonic oscillations exists in the moving coordinate
system. It is proved that the solution of the problem under consideration can be
obtained easily if the solution of the "appropriate" problem of the oscillations of
an inhomogeneous strip is known. Estimates are given of the velocity of the motion
and the frequency of the oscillations at which there exists a unique energy solution
of the problem. When the oscillations frequency is such that the energy solution
does not exist, principles are formulated for extracting the unique solution.

1. Let a source of perturbations move at a constant velocity w along the boundary of an
elastic medium. We shall study two kinds of problems, stationary and nonstationary. We call
stationary the problem in which the state of stress and strain is independent of time in the
coordinate system coupled to the moving perturbations source. Otherwise we shall say that we
deal with a nonstationary problem.

Stationary problems were first studied in /1,2/. Contact stationary problems were con-
sidered in /3/ for homogeneous isotropic or pre-stressed strips. Stationary problems were
studied in the monograph /4/ for load motion at a superseismic velocity over the boundary of
a multilayered anisotropic foundation.

Problems with moving perturbations are studied separately in all the works listed, and
without relationship to analogous problems about the harmonic oscillations of a strip. The
relationship between these problems is made below and it is shown that on the basis of the
"principles of correspondence" /5/, the properties of the solutions of the stationary and non-
stationary problems can be obtained directly on the basis of investigating "corresponding"
problems about strip oscillations /6 —~8/. Also analyzed here are the principles for selecting
the unique solution. Motion to just the pre-seismic velocity is considered.

Let an elastic inhomogeneous anisotropic strip fill a domain § (—oo << z; << 00; 0 < z, <{ 1).
We will consider that we deal with an anisotropic material of general form and that the
material constants depend only on =z, In this case the stresses and strains are related by
the Hooke's law relations

0" = CP* (z) e; Py j, ki L =1, 2 (1.1)
2e0 = ur,y + w,x (1.2)

Substituting (1.1) into the equations of motion, we find

(€™ () uy, 1), 5= p @) up” {1.3)

Let a source of perturbations move at constant velocity won the strip boundary. We shall
henceforth assume that the boundary z, = 0 is clamped, while the following conditions are given
on the boundary z,=1

Praoblem A
0¥ (@, 1, D =F e F) =0 |z1>a j=1,2 (1.4)
Problem B
@, L) =Ff@ —w); F@=0, |z|>a j=1, 2 (1.5)
Problem C
o @, ) =F o —w)e; f@ =0 |lz[>aq j=1,2 (1.6)
We call the problems A—C corresponding in the sense that in a moving coordinate system
:Av:=:z:1—wt,vy=ac2 (1.7)
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the boundary conditions are identical and expressed by using the very same functions ]‘j (z).
The following theorem is fundamental to a further study.

Theorem 1. Let the solution of the problem A be known
ut = g (2, T, w) e

and let the Pourier transform of the vector-function g with respect to the coordinate Z; have
the form

¢ : 4
S g (1, 22 @) V™ dy :—ngzm)Q)— (1.8)

Then the solution of problem C is determined by the formula

£t S Gy, y, Q-+ yw) ewxd? (1.9)

c e
eV =T Y Da ot e

and the solution of problem B by (1.9), where we should set Q =0,
For the proof we make a change of variables of the form (1.7) in the equations (1.3) and
the boundary conditions (1.5), and we obtain

P () e, 1), 5= 0 () (0" Py, o= ~— 2uup,1) (1.10)
o¥(z, 1, ) = @ e u(r,0,8)=0

We shall seek the solution of the boundary value problem (1.10) in the form

u(z, y. ty = vz, y,) e (1.11)
Substituting (1.11) into (1.10) and applying the Fourier transform, we find
LW+ V=00MV)=F, y=1V=0,y=0 (1.12)

V= S vlr, yyerde;, Fi= S F(x)ev=dr
L (V) = Lo (V) — iyLy (V) — % L, (V)
MV) =M (V) —iyM (V); B = (R + yw)*

The differential expressions of the two-dimensional vectors L, and M, are determined by
using the relations

Loy= (72 () Vypya) 2, Laj= M2V + G0 1)V,
Lyj= (W )V, Moj=C2 () Vin,  Mrj=CURL(p) T

Now, if we seek the solution of problem A in the form (1.11), then after analogous mani-
pulations we will arrive at a boundary value problem of the form (1.12), only we should set
f = 0?) w=Q. From a comparison of the boundary value problems A and C obtained in the Fourier
transforms, theorem 1 results. The question of the selection of the contour of integration L
in (1.9) will be discussed below.

Theorem 1 permits investigating the problems C and B on the basis of the properties of
the solution to problem A which have already been studied /6—8/.

2. A study of the zeroces of the dispersion equation
Dy, Q+qyw =0 (2.1)

will be important for the sequel.

Here we devote the main attention just to the real projection of the zerces of the dis-
persion equation. We let I, denote the set of points in a plane of two real variables (v, ©®)
that satisfy the equation

D (¢, 0) =0 (2.2)

Lemma 1. The set of points I, satisfying (2.1) in the plane of two real variables v,
Q (w >0 is fixed) consists of points of intersection of the line
® = Q + yw (2.3

with the set T,
Lemma 1 is obvious. Therefore, the points belonging to Iy can be found by means of the
known set Iy by a graphical construction (see Fig.l).
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Equation (2.1) can have zeroes with different signs (solid line),
with the identical signs (dashed line), and multiple 2zeroes (dash-dot
line). We call the first two types of roots regular, and the last ir-
regular. We show below that different mechanical phenomena occurring in
the strip correspond to these three types of roots.

The sequent lemmas follow from results obtained earlier /6,7/.

Lemma 2. Positive constants m, w, exist such that upon compliance
with the conditions

Fig.1l w< (1 — Qlog)Vmlp, @ < 0y, po = max p () (2.4)
<yl

equation (2.1) will have no real roots. When conditions (2.4) are violated, the equation can
have real roots, and always a finite number if only

w< VY mlpy Q<M = const < oo (2.5)

Lemma 3. Let V,°(y) be an eigenfunction, the solution of the homogeneous boundary value
problem (1.12) for F =0 and y, Q&TI, and let Vi, V2 ..., V7 be vector functions associate
to Vi’. 1In this case the solution of the homogeneous problem (1.10), (1.11) will have the
form

g L8
ux? = (exp (Qt — yxx) i) Z (_—s’l"c)—- vEe (2.6)

§=a(

3. We study questions associated with the existence of energy solutions of problems B
and C. For later, we introduce the scalar product

(@ b)r, = § CP™ (1) e; (@) £y B) 4S (3.1)
S

2
@bwa={ 3 a, ;a8

Sk, j=1

in the set H of vector-functions a continuous with their first derivatives and taking the value
zero at y =0,

We call the spaces H,, and W,!, respectively, the closure of the set H or of its corres-
ponding subsets in norms corresponding to (3.1). Let us also introduce the space H,

(avb)=Sp(y)a-5dS (3.2)
The following inequalities hold /8/: s
ot ally, <llaif,y mlal.<lalh, <mlal. (3.3)

where wy and m are constants in (2.4)
We call the vector function ue& Hy, satisfying the integral indentities

a

(u, @), — 0 0) wP 10,185 = § @)y (3, 1) do (3.4)
s —a
(u, a)Hm — S [y, 1ar, 1 + 0082 (uy, 1y — u@,‘l) + Q2u,a,] p(y)dsS = S Jid (@) ay (x, 1) dz (3.5)
8 -a

respectively, for arbitrary g & H,; the generalized solution of problems B and C.

Theorem 2. Let conditions (2.4) be satisfied and flx)e L,(—a,a),p>>1. In this case
a unique generalized solution of problem C (and of problem B) exists in H, .

Indeed, by estimating the integral in the left side of (3.5) while taking (3.3) into ac-
count, we obtain

$o ) tetun, 11 + wQ (ur, 185 — wiar, ) + Q] dS <V poim + Qoo | s, @l
S

and since condition (2.4) is satisfied, then an auxiliary space H,,° can be introduced with a
scalar product defined by the left side of the integral identity (3.5). The space introduced

and H,, are again equivalent. Furthermore, there follows from the conditions of Theorem 2 and
the imbedding theorem /9/
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| § F@am@ Dde| <mill e, lals,

Hence, because of the equivalence of H;;, and H,,°, unique solvability of the problem C
(and of problem B) results. Here

foolle, <m i,

4. The question of selecting the unique solution occurs in studying steady oscillations
of a strip in the case conditions (2.4) are not satisfied.

The Ignatovskii /10/ principle of ultimate absorption, the Mandel'shtam /11/ principle of
energetic radiation, the Sommerfeld principle /10/, and also the Tikhonov-— Samarskii principle
/10/ of ultimate amplitude are usually used in problem A. A complete analysis of the first
three principles for problem A is given in /6,7/.

We analyze the situation that occurs in problem C. We assume that the roots of equation

(2.1) are simrle The homooeneous of the nrehlem C then has the form (2.86)
(£.1) are simple. ine nomogeneous 1 o the problem € then has the form (2.9)

real form

oY in

]

ufr,y, 1) - e (y)sin 8 — v (y) cos 8, 6 = Qt — yx (4.1)

Let us obtain the energy relations. To do this we miltiply the first equation of the
system (1.10) by «,", the second by u, and add. Integrating the result with respect to y be-
tween () and 1, we find

oF a7
— 75.::0 (4.2)

It was taken into account in the derivation of (4.2) that the solution (4.1) satisfies
homogeneous boundary conditions, and moreover, the energy E and the energy flux J through a
section z = const are determined by the formulas

-
S,

IR __
Ll ==

1
g ikl
0

Using the Hooke's law relationship and (4.1), as well as the equation of motion, we cbtain
A(o(v),a) +- pB (v,a}) =0 (4.3)

KN g ok o\ U L R
s \V)j sk, 2 — Oc (V) Gck, 3 — V0s (V) Qx| OF

We then find by taking account of (4.3) that

%B(v,v)—i—?C(o(v),v):O (4.4)

1
€ (o ), v) = § (0¥ (v) vgx — oI V) verl dy

The subscripts c¢ and s mean that the appropriate function is represented in a form analo-
gous to (4.1). Finally, taking into account that

o (u) uy dy dt = — %C(o )»v); T= 2n

1 T
J1=‘71,—S Q
0

C QI

we obtain by taking account of (4.4)

- Q df o, | (4.5)
Jv= 4 gy B.v) (4.5)

A formula analogous to (4.5) was obtained by another method /7/.
Let us form a relationship for the energy flux in problem C. By using (4.5) and (4.1},
we can establish that the energy flux through a section z = const, calculated in a moving
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coordinate system and averaged over the period of the oscillations, is given by the relation-
ship
T

SJdt:%(Qﬂw)(cg—w)B(u,v) (4.6)

0

4
P=
Here ¢g is the group velocity of wave propagation in problem A, calculated at the point

(y, @ + yw) on the (y,®) plane.
Finally, we present the relationship for the energy averaged over the period of oscilla-

tions and calculated in a moving coordinate system

T
E=—}—SEdt=-é—Q(Q+yw)B(v,v) (4.7)
0
Comparing (4.6) and (4.7) we find

P=(;—wkE
Definition 1. By analogy with the problem A we consider those solutions to have a

physical meaning, which denote energy transfer from the source to infinity (Mandel'shtam prin-
ciple). In other words, on the basis of this definition, solutions are selected for which

p>0,z>ap<trka

Now, let us consider an elastic medium possessing little friction. This is equivalent to

adding the term .
g 2ep (ze)up

to the right side of (1.3), where & is an arbitrarily small number. We call the problem C for
a medium with friction (..

Lemma 4. Let the Fourier transformed solution of the problem C be known

Vv, y, @ + yw) e
Then the Fourier transformed solution of the problem Cg will have the form
V (v, ¥y, Q@ + yw — ie)eiet
In fact, for a medium with little friction the right side of (1.3) can be written as
— o () (& 4 yw)? — 2ie (Q + yw)]

after passing to a moving coordinate system, applying the Fourier transform, and dividing out

the time. There hence results that to obtain the Fourier transformed solution of the problem
C¢ in terms of the Fourier transformed solution of the problem C we should replace Q -1 yw by

1(Q + yw)? — 2ie (@ + yw) /' = Q4 yw — ie
which, indeed, proves Lemma 4.

Theorem 3. Let an elastic medium possess little friction. In this case the equation
D(y,yw+Q—ie) =0 (4.8)
has just complex roots. The following asymptotic formula
v =10 —ie (g — w40 (e) (4.9)

holds for the regular roots of this equation, where 7y, is a real root of (2.1). The first
part of the theorem follows from the results obtained in /6/, where it is shown that if o is
a complex number in (2.2), then (2.2) has only complex roots. Let us prove the second part.
We represent (4.8) in the form

—ie + Q 4 yw =19 (y) (4.10)

where 1 (y) is an analytic function /8/, and we will seek the roots of (4.10) in the form
Y = Yo+ tA. Expanding ¢ (y) in a series in the neighborhood of 7y, we arrive at (4.9), which
indeed proves Theorem 3.

Definition 2. We call the limit of the solution of problem C.as e¢— 0 the solution of
the problem C (the ultimate absorption principle of Ignatovskii).

On the basis of Definition 2 and Theorem 3 it can now be shown that in the case of
regular roots for (2.1) the contour of integration L in (1.9) passes over the real axis v,
deviating from it only in the neighborhood of points that are zeroces of the function (2.1).
Here if c¢;<Cw, then the contour deflects upward, and downward otherwise.
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Theorem 4. Let two solutions of the problem € be constructed that

____________ the problem C be con u hat satisfy Definitions
1 and 2, respectively, then in the case of regular roots for the equation {2.1) and upon com-

pliance with conditions (2.5) of Lemma 2, these solutions agree.

The proof of Theorem 4 can be executed by analogy wi am
ine progi o Iheorem 4 C

I0 017 4w
all v cacluitel Y ana.ogy with Theorem 19

.4 11 ;18,' .

5. Let us analyze the solution of problem C for those combinations of the parameters w
and @ for which equation (3.1) has only two real roots. We first consider the case of zerces
with different signs (the solid line in the Fig.l). Evaluating the integral (1.9) by residue
theory, we find that the solution (1.9) contains two waves undamped at infinity, of the form

Ayexp {1 (Gt — vzl r>a; Azexp i (8 — p0)] 2 < — 2 (5.1}

Since y >0 and 7;<0, thenbothwaves depart to infinity from the socurce of oscillations.
If both roots are of identical sign (the dashed line in the Fig.l) ¥, y: >0, then the first un-

damped wave (5.1) will, as before, depart from the source of oscillations while the second
wave will arrive from-— o at the source of oscillations. Since in this case ¢; < w, then on the

bagig of (4,6) the eneyov flux will be nyronagated from the source to infinity T aqdiindsd
basis (2.0} T eneXxgy I.iuX Will De propagated rrom the scurce to iniinity. i@ situation

occurring when the wave is propagated in one direction but carries energy in the other direc-
tion holds even in problem A /8/. Let us also note that if =0 but v >0 (this is possible
if the vibration frequency & is such that it coincides with the beginning of the dispersion
curve of problem A), then in this case it is generally meaningless to speak about the second
wave in (5.1).

Finally, we consider the case when y, =7, (the dash-dot line in the Fig.1l). 1In this case
c,=w and {4.9) is not applicable. Proceeding exactly as in deriving (4.9), except retaining
higher order terms in A in the series expansion of ¢{y), we find

ha =Y {dc 193y
It is seen that the real double pole is bifurcated in a medium with friction. Hence, if

the ultimmte abscorntion nrincinle ig uged in constructing the golution {(the Mandel'shtam prin-
tne ultlilate alserXpllilon principle 1 Uged 1n construlliling tne soiullon (Tne Mangel ' satam prin

ciple is not applicable here) then in studying the problem ¢, we will have a simple pole but
we do not obtain a uniform passage to the limit as e--0. In this case as ¢ -»0 the amplitudes
in the solution of the form (5.1) will grow without limit, i.e., the behavior of the solution
in a strip at a frequency for which ¢ = « 15 analogous to the behavior of the soclution in a
bounded body at the resonance freguency.

Therefore, the fundamental cases which can hold as a load moves over an inhomogeneous
strip have been examined here. The case when (2.1) has a zero of order higher than the second
can be examined analogously.
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